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Abstract-A combined theoretical and experimental study is performed to investigate natural convection 
pipe flows at high Rayleigh number. The wall conduction effects and thermal property variations of the 
fluid and pipe wall are also considered in the analysis. A low-Reynolds-num~r k-E turbulence model is 
employed to treat the transitional and turbulent flow regime including buoyancy efkcts. The predicted 
and measured distributions of wall temperature and Nusselt number are in good agreement. Empirical 
correlations for the induced flow rate and average Nusselt number are proposed. Results show that the 
characteristics of natural convection heat transfer in a vertical pipe approach those along a single vertical 

plate for large Rayleigh number. 

1. INT~OOUCTlON 

NATURAL convection is the easiest and most inex- 

pensive way to coai the internal surfaces of vertical 
open-ended ducts and of tube banks, despite the low 
rates of heat transfer that this convection process 
affords. Thus information on the behaviour of natural- 
convection flow through confined spaces has been 
found useful especially in the thetas-~uid systems 
encountered in the diverse fields of nuclear and solar 
energy. Due to its importance, the natural convection 
problem has received increasing attention in the litera- 
ture in the past two decades. These studies, however, 
have mainly restricted their consideration to laminar 
natural convection flows. Despite the fact that tur- 
bulent natural convection in a vertical channel is rela- 
tively important in engineering applications, it has not 
yet received much attention because of its complexity. 
Eckert and Diaguila [I] performed a pioneering study 
of turbulent natural convection Rows in a vertical 
channel. In their expe~mentai studies, a small length- 
to-diameter pipe was used with its wall kept at a 
uniform and constant temperature. Their results 
showed that in the laminar range, the measured heat 
transfer coefficients were higher than the values com- 
puted by the local Nusselt number relation for a ver- 
tical flat plate. In the turbulent range, however, the 
mean value of the data was displaced below the curve 
for the local Nusselt number relation for a single 
vertical flat plate by approximately 35%. Recently, 
Miyamoto et al, [Z] conducted an experimentaf study 
on turbulent free convection heat transfer to air drawn 
between two vertical parallel plates, composed of an 
adiabatic plate and a plate with unifo~ heat gener- 
ation. The transitional phenomena from laminar to 
turbulent flows were present in their results. Their 
results also showed that heat transfer characteristics 
in the vertical plane channel approach those along a 

single vertical fiat plate as the channel separation is 
enlarged. 

Borgers and Akbari [3] were the first to make pre- 
dictions of turbulent natural convection heat transfer 
in flows between vertical parallel plates. In their stud- 
ies, the fluid flow at the channel entrance was assumed 
to be laminar until a given turbulent criterion is 
reached, and the flow is assumed to abruptly become 
fully turbulent. But according to the expe~mental 
results obtained for natural convection on a single 
vertical plate by Godaux and Gebhart [4] and 
Mahajan and Gebhart [5], the transition from laminar 
to turbulent flows is a gradual and long process. 
Therefore, the adoption of a switch criterion beyond 
which the flow becomes fully turbulent is question- 
able. Moreover, the use of the mixing-length model 
for forced convection flows in their computations of 
turbulent natural convection is also unreI~able. 

The purpose of this work is to study natural con- 
vection pipe flows at high Rayleigh number. Also, 
an experimental system is established to check the 
prediction results. The system to be examined theo- 
retically and experimentally is a vertical, open-ended 
pipe with length 1 and inner radius Ri (shown 
schematically in Fig. 1). The pipe wall is subjected to 
a unifo~ heat flux q:. As a result of the heat transfer 
to air in the pipe, the temperature of the air increases. 
The resulting density nonuniformity causes the air in 
the pipe to rise. The air that enters the vertical channel 
from the bottom is assumed to be iaminar until a 
combination of geometry, tem~rature and flow rate 
conditions reaches a pre-defined level. Beyond that 
the flow gradually becomes intermittent. The level of 
the inte~ittency grows as the flow gradually evolves 
into the fully turbulent region. The transport pro- 
cesses in this particular region are treated by utilizing 
the concept of intermittency which has been adopted 
to solve transitional forced convection flows [6]. 
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NOMENCLATURE 

‘4 cross-sectional area of the pipe T temperature 

& criterion for beginning of transition, TO inlet temperature 
equation (1) T%% wall temperature 

BC criterion for end of transition equation u axial velocity 

(2) 11 ,, inlet axial velocity 

‘;, specific heat U’T longitudinal turbulent heat flux, equation 
(‘I, (‘2. C,, constants appearing in /i-8 (12) 

turbulence model L’ transverse velocity 
j’). ,f>, f;, functions appearing in A--t: 2” T’ transverse turbulent heat flux 

turbulence model .Y coordinate in the flow direction 
Gr* Grashof number, gfiqc ~~~(f~~l~) ? coordinate in the transverse direction. 
Cr: Grashof number, ~~~~,~4/(~~~1~) 

.cf gravitational acceleration Greek symbols 
h heat transfer coefficient. y:/( T, - T,,) thermal diffusivity 
I electric current ; thermal expansion coefficient, l/T, 
k turbulent kinetic energy 1 turbulent intermittency 
I channel length F rate of dissipation of turbulent kinetic 
NU local Nusselt number based on inner energy 

radius. hR,iA 2 molecular thermal conductivity 

P pressure of the air in the channel X,V thermal conductivity of the pipe wall 

Pm motion pressure (or pressure defect). h( molecular dynamic viscosity 

P-P0 t&r effective viscosity. jr + iiu, 

PO ambient pressure 1’ molecular kinematic viscosity 

sz convection heat flux from the pipe wall “I turbulent eddy viscosity, equation (13) 
to the air, equation (15) P density 

n 
4-. energy flux on the wall Pz electrical resistivity of the test section, 

PC electrical dissipated heat transfer rate in equation (22) 

the pipe wall, equation (22) G’L turbulent Prandtl number for k 
r coordinate in the radial direction 01. turbulent Prandtl number for 1” 

Ra* Rayleigh number, equation (27) 6:: turbulent Prandtl number for E. 

Re Reynolds number based on diameter 

R, inner pipe radius Subscripts 

R, outer pipe radius a air 

R, turbulence Reynolds number. k’/(m) condition at the pipe wall 
t pipe thickness 0” at ambient condition. 

For natural convection flows. the transition from the pipe has an insignificant effect on the charac- 

laminar to turbulent flow has been examined exper- 
imentally for a single heated vertical plate in air by 
Cheesewright [7], Warner and Arpaci [8], and Miya- 
moto et al. [9]; in water by Godaux and Gebhart 
[4] and Jaluria and Gebhart [IO]. In these studies 
reference was consistently made to the absence of 
a parameter which characterizes the beginning of a 
transition to turbulent flow adjacent to a vertical sur- 
face. A good discussion of transition was provided by 
refs. [4-51. Despite the fact that a single parameter 
does not describe the event of transition for a single 
vertical plate, a rough indication of the start of tran- 
sition in air and water is given by the criterion 
5(Grf/5) ‘8 ’ = 4.50-700, where Gr,$ = g~q~.u’/(iv’). 

For natural convection in a vertical channel, the 
behaviour of heat transfer is similar to that along 
a single vertical plate when the Rayleigh number is 
increased [ 1, 2, 1 I]. This implies that the curvature of 

teristics of natural convection heat transfer in a ver- 
tical pipe. However, at low Rayleigh number, heat 

transfer in a vertical channel approaches the fully- 
developed limit [ 1 I]. that is, the curvature of the pipe 

has a pronounced effect on the flow behaviour in 
a vertical pipe. At high flow rates the turbulence is 
expected to be initiated earlier, that is, the location 
for the incipience of transition should be inversely 
related to the induced volumetric flow rate. Therefore, 
the model employed to describe the transition must 
have the flexibility to account for these conditions. 
The criterion used in this work to characterize the 
beginning of transition accounts for both the Rayleigh 
number and Reynolds number dependence, and is 
expressed as 

Re’*‘(Pr Grf) I” = B,. (1) 

This expression is similar to that used by Borgers 
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FIG. 1. Schematic diagram of the physical system and the 
boundary conditions. 

and Akbari [3]. Similarly, the end transition point is 
also indicated by an equation of the same form 

Re”‘(Pr Grf)“4 = B, (2) 

where the constants Bb and B, are respectively chosen 
to be 1.5 x lo5 and 2.0x lo5 so as to make the pre- 
dicted results closer to our experimental data and 
make the trends of the predicted results closer to those 
in related works [ 1, 21. 

Notice that the above transitional criteria, equa- 
tions (1) and (2). hold only as the induced Reynolds 
number at the inlet. Re, is greater than the critical 
Reynolds number, Re,,,,, at which the forced con- 
vection channel flow becomes transitional. The value 
of Recri, in a pipe flow is taken as 2300. 

Because the intermittency concept is used to 
describe the transition from laminar to turbulent flow, 

it may be reasonably assumed that the effective vis- 
cosity is calculated by weighting the laminar (molec- 
ular) viscosity by the time period during which the 
flow is laminar (i.e. 1-y) and by weighting the effec- 

tive turbulent viscosity by the time period during 
which the flow is turbulent (i.e. y). Thus one has 

hi = (1 -Y)P+dP+PJ. (3) 

The intermittency factor y is set to zero when the flow 
is laminar, i.e. when Re”‘(Pr Cr.:) ‘I4 < Bb. Similarly, 

for Re”*(Pr Gr,) * “4 2 B, the intermittency factor y is 
set to 1, i.e. the flow is fully turbulent. During the 
transition process, y is assumed to be linear [6] 

Y= (B-BdI(Be-4,) (4) 

where 

B = Re”‘(Pr Grf)“4. (5) 

2. ANALYSIS 

The analysis is based on a model consisting of con- 

vection heat transfer in the vertical pipe coupled with 

conduction heat transfer in the pipe wall. Attention is 
focused on the governing equations for the natural 
convection heat transfer in an open ended vertical 
pipe. 

2.1. The convection problem 
With the boundary layer approximations, the 

steady, time averaged governing equations are : 

continuity equation 

& (rpu) + i (rpv) = 0 ; 

axial-momentum equation 

energy equation 

pc~u’i:+pc~llF=~;j;[r(n+i,)~]. (8) 

Notice that the thermophysical properties of the 

fluid are considered as variable with temperature 
because large temperature variation in the flow is 
expected. The turbulent viscosity pLt is computed in 
accordance with the k-c turbulence model. Hence the 
transport equations for the turbulent kinetic energy 
and its dissipation must be included in the analysis. 
To procure more reliable results, a low-Reynolds 

number k--E model is selected to eliminate the usage 
of wall functions in the computations and thus to 
permit direct integration of the transport equations 
to the channel wall. 

The turbulent kinetic energy equation is 

+ I PSWT’I (9) 

and the rate of dissipation of turbulent kinetic energy 
is determined from the equation 

+Ic, ~pgl?ml. (10) 

It is worth noting that the molecular viscosity is 
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also included in the k--E equations. This molecular 
viscosity is particularly important in the region near 
the wall [12, 131. In the above equations the density 
fluctuation correlations are ignored except in the 
buoyancy production terms in the k and E equations 
[14, 151. 

Equations for the turbulence variables, k and E, are 
solved numerically only in the computational sub- 
domain bounded by the transition plane, downstream 
boundary, and pipe wall, as shown in Fig. 1. In the 
present study the flow flowing in the initial portion of 

the channel is assumed to be laminar until the tran- 

sition condition, equation (1), is reached. To initiate 
the turbulence computation, a small amount of kinetic 
energy of turbulence (k,, = 1.5 x 10. “zii) was intro- 
duced at the transition plane [16]. In addition, at this 
plane it is assumed that E = c,J,k2. Equations (6)- 
(10) are to be solved with the following boundary 
conditions : 

.Y = 0, 11 = lig, T= T,. pm = -put/2 (lla) 

I’ = 0. Su/Pr = 0. clT/Sr = 0, 

?k/& = 0, &/i;r = 0 (Ilb) 

r = R,, u = 0, AFT/& = y:(x), k = 0. E = 0 

(1 Ic) 

s = 1, pm = 0 (114 

where q:(x) is the convection heat flux from the pipe 
wall to the fluid. 

For the specific geometry of the pipe and the heating 
condition, there exists only a unique value of the inlet 
velocity ZQ, which yields pm = 0 at the pipe exit. In 
the numerical calculation procedures utilized in the 
present study, this value of u,, was obtained iteratively. 
as will be described later. 

In equations (9) and (lo), the low-Reynolds-num- 

ber k--E turbulence model proposed by Jones and 
Launder [ 12, 131 was modified by adding terms repre- 
senting the contribution of the buoyancy force to the 
turbulent kinetic energy and its dissipation rate. 
Under the gradient assumption in the k--E model. 
g/VT’ is proportional to -aT/ax and, as a result, 
means a destruction, albeit small, of turbulent kinetic 
energy. This is contrary to the usual concept that the 
term gju’T’ is a production term [9, 171. Because the 
inconsistency arises as a result of assuming 

gpu’T’ cc - i!T/ii.u, Mason and Seban [18] and Mar- 
kato et al. [14] took gfiu’T’ to be g/MT’ and modelled 
it as 

(12) 

No justification, other than the fact that the correct 
sense of the gradient assumption is not preserved. 
Fortunately, we found that, at least for air, this con- 
tribution to k had a negligible effect on their numerical 
results. In the present study this term is retained and 
is modelled in accordance with Mason and Seban [ 181. 

In the governing equations the turbulent eddy vis- 

cosity for momentum, p,, is related to k and E by 

pr = pc,,.fh(k’la). (13) 

The appropriate constants and turbulent Prandtl 

numbers, ck and r~,, as well as the Iow-Reynolds- 
number wall damping functions, fu and J; are not 
known at the present time for turbulent natural con- 
vection flows, although they have been generated and 
optimized for forced convection flows [ 12. 13, 191. 

For lack of a better choice, these results for forced 
convection flows are retained in the present analysis 
for natural convection. These values and functions 

are listed in Table 1. 
One constraint to be satisfied in the analysis of a 

steady channel flow is the overall mass balance at 

every axial location in the pipe. It is 

s 

R> 
pu2nr dr = pou,rrR,‘. (14) 

0 

This equation is used in the solution process to deduce 

the pressure gradient in the flow. 

2.2. The conduction problem 

In the present study, consideration is given here to 

pipes with a relatively thin wall so that the temperature 
variations across the thickness of the wall can be 

neglected. To simulate the experimental heating con- 
dition, a d.c. electric current is passed through the 
pipe wall. Taking a lumped control volume, the wall 
energy balance becomes 

(151 

where t is the thickness of the pipe wall and 41: the 

heat flux generated by the resistance heating in the 
pipe wall. 

The boundary conditions for equation (15) are 

x = 0, dT,ld.u = 0 (16a) 

x = 1, dT,,,/dx = 0. (16b) 

Note that at the fluid-wall interface, the temperature 
and heat flux should be continuous. 

3. SOLUTION METHOD 

Solution of the conjugate problem defined by the 
foregoing equations is obtained numerically by a finite 
difference method. In view of the fact that the bound- 
ary conditions have to be satisfied at both the 
upstream and downstream ends of the pipe, an iter- 
ation approach is used, with the discretized governing 
equations for the convection and conduction prob- 
lems being solved simultaneously. A fully-implicit 
numerical scheme in which the axial convection is 
approximated by the upstream difference, and radial 
convection and diffusion terms by the central differ- 
ence is employed to transform the governing equa- 
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Tabfe 1. The constants tend the functions 

1.45 2.0 0.09 1 _Q*t5e-!WO’? l-0.3& e- z &J( i + f?,im 0.9 1.0 1.3 k’/(vc) 

tions into finite-difference equations. Each system of 
finite-difference equations forms a tridiagona1 matrix 
equation which can he solved by the Thomas algo- 
rithm [20]. For a given condition, a brief outline of 
the solution procedure is as follows : 

(1) Guess ihe inlet velocity uU and pipe wall tem- 
perature T, (s = 0). 

12) For any axial location, guess (dp,!dx) and solve 
the finite-difference form of equations (7), (8) and 
(15) for u and T. 

(3) Integrate the continuity equation numerically 
to find c 

(17) 

(4) Check whether the transition is reached. If it is, 
salve the finite-difference forms of equations (9). (IO) 
and (13) for k, E and pt. If not, skip to the next step. 

(5) Check the satisfaction of the overall con- 
servation of mass, equation (14). If it is satisfied to 
within a specified tolerance, repeat the above pro- 
cedure for the next axial location. In the present study 
the tolerance of overall conservation of mass is 10m4. 
If not, guess a new (dip,Jdx) by the Newton-Raphson 
method and repeat procedures (2) - (5) for the current 
location. 

(6) Procedures (2)-(5) are successively applied to 
every axia1 location from the pipe entrance to the exit. 

(7) Employ extrapolation to evaluate the pipe wall 
temperature at x = 0. 

(8) Check the convergence of u and T and check 
whether the exit pressure pm is equal to zero. If both 
conditions are not simultaneously satisfied, guess a 
new inlet veiocity u0 by the Newton-Raphson method 
and repeat procedures (2)-(g), If both conditions are 
satisfied, the solution is complete. Note that the 
detailed convergence criteria for the various variables 
are available in ref. [21]. 

In the solution of finite-difference equations by the 
Thomas algorithm, a successive under-relaxation 
numerical scheme is used. It is found that the com- 
puter time can be reduced by as much as 20% if the 
under-relaxation factor for pi, T, k and E are selected 
to be 0.7 and 0.3 for pm. 

The heat transfer coefficient, a parameter of major 
interest in the study of convection heat transfer, can 
be evaluated by 

ya h- 
K - T, 

(18) 

where yz is the convection heat Aux from the pipe wall 

295 

to the air in the pipe. The local Nusselt number, based 
on the local channel length x, is defined as 

(19) 

and another iocal Nussett number, based on the pipe 
radius R;, is defined as 

hRi 
IVU=~. (33) 

It is worth noting that the local Nusselt number is 
based on (r, - T,), rather than on (TW -r,,,) [II]. 
This is because the bulk temperature T, is difficult to 
measure in the experiment. 

4. EXPERIMENTAL STUDY 

Xn the present study, the test section is made of 
stainless steel SS304 circular pipe. Several pipes of 
different diameter, thickness and length are employed. 
Electric power is supplied by a de. rectifier with an 
ax. input of 220 V, 34 and an output range of voltage 
CL-60 V and current O-1000 A. The electric power is 
dissipated in the test section, which acts as a resistance 
element and ensures nearly uniform heat generation 
along the test section. Copper electrodes are wound 
around the pipe ends of the test section. In order to 
reduce the heat Ioss from the test section to the 
ambient, the test section is covered with balsawood 
insulators. To obtain the temperature distributions 
in the air flow, four traversing mechanisms were em- 
ptoyed to measure the radial temperature variations 
at various axial locations. 

4.2. ExperMwM technique 
4.2.1. Measurement of wall temperature. The outer 

wall temperatures at several locations of the test sec- 
tion are measured by 21 T-type (copper-constantan) 
thermocouples (0.3 mm). The thermocouple locations 
along the pipe are equally spaced in the flow dire&ion. 
The first and final thermocouples are respectively fixed 
at the pipe ends. At three axial locations atong the test 
section designated as numbers 4, 10 and 16, three 
thermocouples are fixed equidistantly around the cir- 
cumference of the pipe to check the circumferential 
uniformity of the wall temperature. 

The inside wall temperatures at the measuring 
locations are estimated from the measured outer wall 

temperature from the steady-state heat conduction 
solution for a hollow cylinder with a uniform interna 
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heat generation and the outer wall being well 
insulated. The result is 

R;-R” 

2 
(21) 

where Qe is the total heat input to the test section, and 
R,, and R, are the outer and inner radii of the pipe. 
respectively. 

4.22. Meusurernent of heatflux. The electric power 
input to the test section is determined from the mea- 
sured voltage drop across the test section and the 
current along the test section 

(22) 

where l and V are electric current and voltage and pe 
the electrical resistivity of the test section. 

Heat loss by natural convection from the test sec- 
tion through the insulation is evaluated by measuring 
the outer surface temperature of the insulation and 
the ambient temperature. With these data a standard 
correlation can be used to estimate the heat loss. At 
seven axial locations along the pipe the outer surface 
temperatures of the insulator are measured by T-type 
thermocouples, and the average (arithmetic) insu- 
lation temperature z,, is determined. The heat loss 
y&,, is then computed by the suggested correlation for 
natural convection from a vertical cylinder in air 1221. 

The heat loss y;b, is taken into account in com- 
puting the average wall heat flux in the test section 4:. 
In this connection, the local wall heat flux can be 
obtained from the average wall heat flux and a cor- 
rection factor accounting for the variation of the res- 
istivity of the tube material in conjunction with the 
calculated local wall temperature. The relation is given 

by 

4L = &,V,)/P,(~%). (23) 

With the measured local wall temperature and the 
local generated heat flux. the local Nusselt number 
can then be evaluated by 

ii 

Nu = (T, - y;;o);,R, 
where the local convective heat flux qz can be obtained 
from equation ( 15). 

4.3. Unrertuinty analysis 
The purpose of performing the uncertainty analysis 

was to estimate the uncertainty levels in the measured 
Nusselt number and Rayleigh numbers. The uncer- 
tainty levels obtained from such analysis were com- 
pared to the scatter displayed by the measured data 
in order to evaluate their reliability. Also, the levels 
of the uncertainty in A% and Ra* were to provide 

appropriate basis for future comparison with those 
from other investigations. 

In the analysis only the random components of the 
experimental uncertainties were taken into account 
since the fixed part of the uncertainties were con- 
sidered comparatively negligible [23]. Kline and 
McClintock 1241 proposed a formula for evaluating 
the uncertainty in the result F as a function of the 
independent variables, ~1,. ZJ~, . , , L:,~ 

F= F(r,,.r:, . . . . . L’,,) (25) 

the uncertainty in F is expressed by 

where iiF/i;~~ and br*, are, respectively, the sensitivity 
coe~cient and the uncertainty level associated with 
the variable zti. The values of the uncertainty intervals 
6r, were obtained by an r.m.s. combination of the 
precision uncertainty of the instruments (one-half of 
the smallest scale division) and the unsteadiness 
uncertainty (i.e. two standard deviations of a set of 
repeated observations of the value u,), as recom- 
mended by ref. [23]. The choice of the variables ~1, 
to be included in the calculation of the total uncer- 
tainty level of the result F depends on the purpose of 
the analysis. If the calculated uncertainty level is to be 
compared to the scatter of the ex~rimental data, 
variables like dimensions of the test section or fluid 
properties should not be included (First Order Analy- 
sis, according to Moffat [23]). On the other hand, for 
the reporting of the data and for the comparison of 
results with analytic or numerical solutions, the effects 
of the uncertainty in all variables influencing the result 
F should be taken into account (Nth Order Analysis, 
according to ref. [23]). The detailed results of the 
uncertainty analysis are summarized in the Appendix. 
The nominal values and uncertainty intervals for the 
main contributing variables are shown in Table Al in 
the Appendix. As shown in that table, the resulting 
uncertainty in P&i ranges from 4.40 to 5.53%. In per- 
forming the un~rtainty analysis, it was found that 
the largest individual contribution to the uncertainties 
in Xrr and Rn* came from the uncertainty of the 
convection heat flux qp and the uncertainty of the 
pipe wall radius R,. The detailed description on the 
uncertainty analysis was available in ref. [21]. 

5. RESULTS AND DICUSSION 

In the present study. particular attention is paid 
to examining the distributions of convective heat 
transfer coefficient at high Rayleigh number. To 
conveniently discuss the results, the results from the 
numerica prediction are first presented. After these. 
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Table 2. Values of major parameters for various cases 

1 Ri Y:: t 
Case (m) (m) (W rn..-‘) (m) Ra* Pr 

I 4 0.12 80 0.002 1.77 x 106 0.707 
II 4 0.08 SO 0.002 2.33 x 10’ 0.707 
III 4 0.08 40 0.002 1.16x IO5 0.707 
IV 4 0.04 80 0.002 7.27 x IO’ 0.707 
V 4 0.04 40 0.002 3.64 x 10’ 0.707 
VI 2 0.04 80 0.002 1.45 x IO4 0.707 

VII 2 0.04 40 0.002 1.27 x lo3 0.707 
VIII 2 0.02 40 0.002 2.27 X lo= 0.707 

the measured data are illustrated and contrasted with 
the numerical predictions. 

Numerical solutions of the governing equations 
with the associated boundary conditions are obtained 
for wide ranges of pipe length, pipe radius and wall 
heating levels q:. The conditions for all the cases 
selected for the numerical computations are listed in 
Table 2. In this work, the governing non-dimensional 
parameters are given below : 

Ra* = g/?q~Rf/(lvoa,,lo) 

R4’ = g8q3”/(vo~o&) 

Gr* = Ra*lPr 

Pr = v~~ff~. (27) 

A systematic literature search has not revealed any 
available experimental and theoretical data with 
which the results of this computation may be directly 
compared. To check the adequacy of the numerical 
scheme and turbulence model described above, the 
limiting case of turbulent mixed convection between 
vertical parallel plates was first obtained by the 
present prediction. The predicted results are in good 
agreement with the experimental data of Nakajima et 
al. [25]. The detailed comparison was given in ref. 
[26]. Furthermore, special care was taken to establish 
the arrangement of gridlines required to produce 
essentially grid-independent results. A total of 
101 x 61 gridlines was placed in the x- and r-direc- 
tions, respectively. Computations with finer grid size 
showed that the local Nusselt number changed less 
then 3% with a doubling of the gridlines. This lends 
support to the employment of the turbulence model 
and the numerical scheme proposed to the analysis of 
the present problem. 

In this study, we are concerned with natural con- 
vection flow in a vertical pipe at high Rayleigh 
number. As is expected, the results will approach 
those along a single vertical, heated plate as the pipe 
radius Ri is large or as Ra* -+ co, In this connec- 
tion the predicted results for a large Ri can be quali- 
tatively compared with the published results for a 
single vertical plate. It is worth noting that as the 
Rayleigh number is small, the induced flow is laminar 

instead of turbulent. Therefore, the predicted results 
are essentially identical to those of Pollard and 
Oosthuizen [27]. 

Figure 2 gives the dist~butions of the local Nusselt 
number Nra, along the channel wall from the present 
prediction for various pipe radii and their com- 
parisons with the known relations for a single vertical 
plate. Evidently from the figure, the predicted values 
in the laminar regime are slightly above the curve 
for the corresponding laminar local Nusselt number 
relation for a single vertical flat plate [28]. In the 
turbulent range, the opposite trend is observed, that 
is, the predicted results are displaced below the curve 
for the corresponding local turbulent Nusselt number 
relation for a vertical flat plate. The discrepancy 
between the predicted results and the relations for a 
vertical plate decreases with increasing pipe radius for 
the value considered. This confirms the fact that the 
natural convection heat transfer processes in a vertical 
pipe with a large radius are close to those along a 
vertical plate [1,2, 11, 161. 

Shown in Fig. 3 are the wall temperature dis- 
tributions for various pipe radii and wall heat fluxes 
with f = 4 m. An overall inspection of this plot reveals 
that near the entrance (i.e. small x/Z), the wall tem- 
perature increases with x/l. But beyond certain 
locations downstream the wall temperature decreases 
and then increases again. This non-monotonic vari- 
ation in T, can be made plausible by noting the fact 
that near the entrance, the flow is laminar and the 

Ri Cm) q”wl W/m*) t (ml j(m) R0” 
---- 0.12 80 11002 4 1.77X106 

----ao& so a002 4 Z27 x103 

FIG. 2. Distributions of local Nusselt number and com- 
parison with known equations for single vertical plate. 
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x/P 

FIG. 3. Predicted wall temperature distributions along the 
pipe. 

wall temperature increases with x due to wall heating. 
But as the flow goes downstream, the flow becomes 
unstable and transitional. Thus heat transfer is more 
effective in this transitional stage, which, in turn, 
results in a decreasing I’,. After this transitional stage, 
the flow becomes fully turbulent. Thus the heat trans- 
fer coefficient gradually decreases with x and the cor- 
responding wall temperature increases with x. The 
above features are similar to those found by Miya- 
moto et al. [2]. Comparing the results for cases III 
and V indicates that near the entrance (x/f < 0.2) the 
higher wall temperature is experienced for the case 
with a larger pipe radius (case III). But as the flow 
moves further downstream, the opposite trend is 
noted. Moreover, the location of transition is closer 
to the channel entrance for the case with a larger R,. 
Also included in Fig. 3 are the influence of wall heat 
flux on the distributions of wall temperature. 

In the study of natural convection, the convection 
heat transfer coefficient is one of the major parameters 
in understanding heat transfer characteristics in the 
flow. In order to examine the effects of the pipe length 
on the flow transition and heat transfer, the local 
Nusselt number Nu for I = 2.0 and 4.0 m at different 

NU 

z5- I , I , I , I , I 

Case I R, q& t 
(ml (m) (W/m21 Im) 

6- 2 CIOL 80 a002 _ 

Y /I 

FIG. 4. Calculated Nusselt number distributions along the 
pipe for I = 2 m. 

Case P RI qc, t 

(m)lm) (W/17?)(m) 
10 II L QO8 a0 0002 

III L 0.08 LO 0.002 
v L 0.04 LO 0.002 

x/P 

FIG. 5. Calculated Nusselt number distributions along the 
pipe for I = 4 m. 

conditions are, respectively. illustrated in Figs. 4 and 
5. In Fig. 4, the local Nusselt number monotonically 
decreases with X. In these cases the flow in the channel 
is entirely laminar and no flow transition occurs. 
Focusing on the results at the same x/l indicates that 
a larger local Nusselt number is experienced for the 
case with a higher Rayleigh number Ra*. This con- 
firms the general perception that in natural convection 
channel flow heat transfer is more effective for a sys- 
tem with a higher Ra*. 

For pipe length I = 4 m (Fig. 5), the flow near the 
entrance is still laminar and Nu decreases with x due 
to the entrance effect. But further downstream, the 
natural convection flow near the heated pipe wall 
becomes unstable. Through a series of complicated 
mechanisms of linear and non-linear interactions, the 
flow becomes fully turbulent. In the transitional stage 
the heat transfer coefficient increases with x. As the 
flow becomes fully turbulent, the augmentation in 
heat transfer stops. Instead, Nu gradually decreases. 
It is found from Fig. 5 that the location of transition 
is shifted downstream as R, decreases (by comparing 
cases III and V). The delay of flow transition in a pipe 
with a small Ri may result from the fact that the flow 
would experience a large viscous resistance when it 
passes through a smaller pipe. Moreover, the tran- 
sition is initiated earlier for the case with a higher q: 
(by comparing cases II and III). Also found in Fig. 5 
are the larger local Nusselt numbers for the flow in a 
larger pipe. 

The buoyancy induced volume flow rate through 
the vertical open pipe is important in many industrial 
applications. Figure 6 presents the variations of Reyn- 
olds number Re, which is based on the pipe diameter 
and inlet average velocity. with the pipe length. It is 
observed in this plot that a higher Reynolds number is 
experienced for the case with a longer pipe. Reynolds 
number Re increases significantly with I when the 
channel is short. As the channel gets longer, Re only 
gradually increases. Comparison of the curves for 
cases IV and V indicates that the higher the wall heat 
flux, the higher the Reynolds number. This is simply 
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FIG. 6. Effects of pipe length on the induced volume flow 
rate. 

due to the larger buoyancy effects for a higher wall 
heat flux. 

It is more useful in applications if the curves in Fig. 
6 for different conditions can be collapsed into a single 
curve. Figure 7 presents the variations of dimen- 
sionless volume flow rate Q* with Ra*. Q* is defined 
as 

In the computations, the predicted volume flow rate 
Q* for different cases always lies on a straight line in 
a log-log plot. This interesting result is also observed 
by Miyamoto et al. [2] in the study of turbulent natural 
convection between vertical parallel plates. Therefore, 
a straight line is used to fit the predicted results, as 
shown by the solid line in Fig. 7. The relation is 

Q* = 1.507Ra*-oJJ2. (29) 

5.2. E.~per~~entai results 
Now we turn attention to examining the exper- 

imental results. As mentioned earlier, the main objec- 

, ,(,,,11 , I (,,, 
i?,im) q&(W/mz) t (ml 

3 

0 0.08 80 a002 
01 0.04 80 a002 ? 
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lo-? 

5* 
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FIG. 7. Dimensionless induced volume flow rate against FIG. 9. Axial distributions of Nusselt number for I = 2 m, 
Rayleigh number. Ri = 0.0488 m and I = 0.002 m. 

I I I I I I I I I 
a2 0.d 0.6 Q8 1.0 
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FIG. 8. Local wall temperature distributions for I= 2 m, 
R, = 0.0488 m and I = 0.002 m. 

tive of this study is to investigate natural convection 
heat transfer at high Rayleigh number. To this end, a 
variety of test sections with large pipe sizes (i.e. long 
pipe length and large pipe radius) is employed in the 
experimental runs. 

Figures 8-13 give the measured wall temperature 
and Nusselt number distributions for different pipe 
sizes and wall heat fluxes. For comparison purposes, 
the predictions from the theoretica model are also 
included in these plots. The experimental data are 
represented by different symbols, corresponding to 
different wall heating conditions. The solid lines are 
from our numerical predictions. First, we focus atten- 
tion on the results in Figs. 8 and 9 for the system with 
length I= 2 m, radius Ri = 0.0488 m and thickness 
t = 0.002 m. Clearly, the numerical predictions basi- 
cally agree with the experimental data. An inspection 
of Fig. 8 discloses that the wall temperature increases 
monotonically with the axial location x/i. No tem- 
perature drop occurs. This implies that in these exper- 
imental runs no flow transition exists in the channel. 
Moreover, the larger the wall heat flux (Rayieigh num- 
ber Ra*), the higher the wall temperature. Notice that 
at x/l = 0 the wall temperature is higher than the 
ambient temperature, especially for the case with a 

‘7.5 - PREDICTION 

6 
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FIG. 10. Local wall temperature distributions for I = 2.8 m. 
R, = 0.0488 m and I = 0.002 m. 

high wall heat flux. This is simply due to axial heat 
conduction in the pipe wall. 

In Fig. 9 the local Nusselt number Nu decreases 
with x/l owing to the entrance effect. Additionally, 
larger Nusselt number is experienced for the case with 
a higher qk (or Ra*). This confirms the fact that heat 

transfer in buoyancy-driven channel flow is more 
effective for the case with a larger Ra*. Careful scru- 
tiny of this plot reveals that near the entrance the 
numerical calculation underpredicts the experimental 
data while in the downstream region the Nusselt num- 
ber is overpredicted. These differences may be par- 
tially due to the experimental uncertainties. 

Attention is now turned to the effects of pipe length 
on the natural convection heat transfer. Figures 10 

and 11 are the experimental results along with the 
predicted results for I= 2.8 m. Comparing the cor- 
responding curves in Figs. 9 and 11 shows that at the 

same s/l. smaller Nu is observed for the longer pipe. 
This is again due to the fact that a longer pipe gives a 
smaller Rayleigh number Ra*, which in turn causes a 
smaller Nusselt number. It is interesting to note that 
in Fig. 11 the predicted result for 4:. = 83.6 W mm’ 
(Ra* = 2.64 x 104) shows a slight rise in Nu near the 

qk (W/m2 1 21.9 L3.2 83.6 

7.5 - PREDICTION 
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FIG. Il. Axial distributions of Nusselt number for 1 = 2.8 m, 
R, = 0.0488 m and t = 0.002 m. 

Tw -To 

(‘C) 

x/l 

FIG. 12. Local wall temperature distributions for I = 2.8 m, 
R, = 0.0425 m and t = 0.0021 m. 

outlet. As explained in Fig. 5, the slight rise in Nu is 

due to the flow transition. 
Figures 12 and 13 present the measured results for 

the system with I = 2.8 m, R, = 0.04245 m and 
t = 0.0021 m at different wall heat fluxes. An overall 
inspection of these two plots shows that the predicted 
results agree well with the experimental data except for 
the case with q: = 161.4 W m-* (Ra* = 2.64x 104). 
Notice that in Fig. 12 the predicted r, for q: = 161.4 
W mm’ has a dip near the exit end of the pipe. Again 
this is due to the flow transition predicted by the 
transitional criteria just developed. Although the mea- 

sured wall temperature does not clearly exhibit this 
transitional region, in the experimental run the tem- 
perature of the air flow for qt = 161.4 W me-* at 
s/l = 0.857 measured by the traversing mechanism 
indeed shows a fluctuating characteristic with relative 

temperature intensity as high as 6%. This proves that 
the air flow at .l-jr = 0.857 is no longer laminar. 
Instead, the flow is weakly transitional at this location. 
In order to verify the turbulence and transition models 
and to understand the characteristics of transition, a 
further study should be pursued. The above com- 
parison cannot be considered as a direct verification 

FIG. 13. Axial distributions of Nusselt number for I = 2.8 m, 
R, = 0.0425 m and t = 0.0021 m. 
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FIG. 14. Average Nusselt number against Rayleigh number. 

of the transition and turbulence models developed in 
Sections 1 and 2, but in the related works [16, 291 
similar transition and turbulence models have been 
used to predict the transitional, turbulent natural con- 
vection heat transfer between vertical parallel plates. 
The predicted results were contrasted with the avail- 
able data in the literature and showed that excellent 
agreement was found. Therefore, the transitional and 
turbulence models used in this work should be quali- 
tatively good. To further ascertain the suitability and 
adequacy of the transitional model, an experimental 
study with longer and larger pipes is recommended. -.-. 

Results for the average Nusselt number Nu are 
particularIy useful for the designers of thermal 
systems. In Fig. 14 ??u is plotted against Ra* for 
different heating conditions and pipe sizes. Notice that 
the calculations of the physical properties appearing 
in ?% and z* are based on the average wall tem- 
perature along the channel. The solid line in Fig. 14 
represents the correlation of the experimental data. 
The relation is 

K = o.61Ra*‘:5. (30) 

The slope of this line is l/S, which is in agreement with 
the results for natural convection over a single vertical 
plate. In equation (30) NU contains R, (inner radius) 
to the first power, % = h* R,j& and Ra* is pro- 
portional to R, to the fifth power, equation (27). As 
a result x is independent of R,. This confirms the 
general perception that at large Rayleigh number 
natural convection heat transfer in a vertical channel 
approaches that along a single vertical plate [I, 2, 1 I]. 

6. CONCLUSIONS 

The natural convection heat transfer in a vertical 
pipe has been studied theoretically and exper- 
imentally. The effects of channel length, pipe radius 
and imposed wall heat flux on the characteristics of 
transitional natural convection heat transfer are 
examined in detail. What follows is a brief summary 
of the major results : 

(1) The characteristics of natural convection heat 
transfer in a vertical pipe approach those along a 

single vertical plate for large Rayleigh number Ra* 
(or, large pipe radius). 

(2) The dimensionless volume flow rate drawn 
through the pipe decreases with increasing Ra*. The 
relations on a log-log plot can be approximated by a 
straight line for different conditions. The relation is 
Q* = 1.507Ra*-0-fi2. 

(3) The measured wall temperature and Nusselt 
number dist~butions agree well with the predicted 
results, except for the cases with a high imposed wall 
heat flux. 

(4) In the range of the present experimental study 
all the measured data for the average Nusselt number 
can be correlated by one equation. % = 0.61%* Iis. 
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APPENDIX 

To estimate the uncertainties of the experimental results, 
the parameters and uncertainty intervals for the main con- 
tributing variables are listed in Table A 1. The uncertainties of 
some parameters cited in Table Al are calculated as follows : 

(1) Uncertainty of temperature difference, T, - T,. 
From equations (2 I), the difference T: - T,. is of the order 

of O.Ol”C in the present study. Therefore, it is reasonable to 
assume that the uncertainty of inner wall temperature T, is 
equal to that of outer wall temperature Tw. Thus 

6(T,-T,) = [@T,)‘+(6T,,)‘] ‘= [(6T,)“+(6T,)‘]“‘. 

(Al) 

(2) Uncertainty of overall generating power, Q.. 

Since 

Q, = IV 

(3) Uncertainty of average wall heat flux, q:. 
Since 

Y: = (Qe - Q,oss)l[~(& + RJI 

where 

(A2a) 

(A2b) 

VA) 

S(Q, - Qd 
= & [tSQ,)‘+ CSQ,“sb)‘] “’ tA3c) 

Qe-Q~os c 

and 

a(& +R,) 
___ = & [(6R,)’ + (SR,)‘] I,“. 

&i-R, o t 
(A3d) 

(4) Uncertainty of convective wall heat flux, qe. 
In the analysis, the estimate of the uncertainty of q; is 

difficult. To circumvent this, we assume that qk and qg have 
the same uncertainty. That is to say 

8q:’ 6q:: 
I, I, (A4) 

4c Yw 

(5) Uncertainty of air properties. 
The correlations utilized to represent the dependence of i, 

cp, p and p on temperature are available in ref. [21]. From 
these correlations, we can evaluate the uncertainties of the 
air properties. 

(6) Uncertainty of heat transfer coefficient. h 
Since 

h = q;/(T, - T,) (A5a) 

^hh=j[!&~+[%&?!~~~. tA5b) 

(7) Uncertainty of local Nusselt number, NM. 
Since 

Nu = T (A6a) 

!?!+ [(!$+(~~+(;~]‘*‘, (A6b) 

(8) Uncertainty of Grashof number, Gr* 
Since 

Grz+ = @qZR: 
iI.? 

(A7a) 

!${(!%~+(~~+(” 

+ (FJ+ [my)“‘. (A7b) 

(9) Uncertainty of Rayleigh number, Ra*. 
Since 

Ra* = Gr*Pr (A8a) 

tA8b) 
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Table Al. Parameters and estimated uncertainties for heat transfer 
--- 

Parameter Nominal value IJncertainty 

Ri (m) 0.03-0.05 fO.0005 m 
t (m) 1.2-2.8 +o.oOOs 

7, f”C) 27.-34 & 0.2”C 
T: (“C) 32.-200 + 0.2“C 

T, - To (‘C) 5-170 50.2828’C 
I (A) 40-300 k 1% 
v (V) 0.1-1.2 + 1% 

Q. WI 5-300 + 1.414% 
Qim (W) 0.X-U) &IO% 

q; (W m-‘) 20-300 &4.24% 
4: (W m-“) 2@- 300 ,4.24% 
1 (W m-‘) 0.0261-0.0363 & 0.05% 

cp (J kg-’ C- ‘) 1.005 x lo3--l.02x 10’ &O.l% 
p (Nm s-‘) 18.53 x 1O-6-24.93x 1O-6 +0.4% 
P (kg m”) 0.784-1.165 i 0.06% 
g/?/r’ (m-‘) 2.16x IO’-1.32x 10’ 10.809% 

Pr 0.70-0.71 &0.415% 
Calculated uncertainty in K: 4.40-5.53% 
Calculated uncertainty in Ra* : 6.63-9.40% 

ETUDE THEORIQUE ET EXPERIMENTALE DES ECOULEMENTS DE CONVECTION 
NATURELLE A GRAND NOMBRE DE RAYLEIGH DANS LES TUBES 

R&mm&Une etude thtorique et experimentale est conduite sur les tcoulements de convection naturelle 
dans les tubes a grand nombre de Rayleigh. Les effets de la conduction dam la paroi et les variations des 
proprietes thermiques du fluide et du tuyau sont considtris. Un modtle de turbulence k-8 B faible nombre 
de Reynolds est utilise pour traiter ies regimes de transition et de turbulence en in&ant les effets de 
~ottement, Les dist~butions de tem~rature parietale et de nombre de Nusselt calcults et mesures sont en 
bon accord. Des formules empiriques pour fe debit induit et le nombre de Nusselt moyen sont propos&es. 
Les rtsultats montrent que les caracteristiques du transfert par convection naturelle dans un tube vertical 

approchent celles d’un plan vertical unique pour les grands nombres de Rayleigh. 

THEORETISCHE UND EXPERIMENTELLE UNTERSUCHUNG DER NAT~RLICHEN 
KONVEKTION IN EINEM ROHR BEI HOHEREN RAYLEIGH-ZAHLEN 

Zusammenfassung--Die natiirliche Konvektion in Rohren wird bei hiiheren Rayleigh-Zahlen sowohl 
theoretisch wie such experimentell untersucht. In dieser Betrachtung sind Wirmeleiteffekte in der 
Rohrwand wie such temperaturabhlngige Stoffeigenschaften von Fluid und Rohrwand beriicksichtigt. 
Zur Berechnung der Auftriebsstr~mung im Ubergangs- und im turbulenten Bereich wird ein k-e 
Turbulenzmodell fur kleine Reynolds-Zahlen verwendet. Berechnete und gemessene Verteihmg von 
Wandtemperatur und Nusselt-ZahI stimmen gut iiberein. Es werden empirische Korrelationen fiir den 
induzierten Massenstrom und fiir die mittlere Nusselt-Zahl vorgeschlagen. Die Ergebnisse zeigen, da13 
der Warmetibergang durch nattirliche Konvektion in einem senkrechten Rohr demjenigen an einer 

einzelnen senkrechten Platte bei groben Rayleigh-Zahlen Bhnlich ist. 

TEOPET~~ECKOE R 3KC~EP~MEHT~bHOE ~C~E~O~~~E 
ECTECTBBHHOKOHBEKTHBHbIX TE’4EHMtr B TPYEAX lIPI BbICOKHX 9HCJIAX 

P3JIEII 

Am~~n~Teope~mecm H 3KcnepgMenmnbno nccnenyromr ecrecrnemro~orme~Tiimibre TerIenmr a 
TpyBax npn BblCODOM WKJle P3ReX. .4IiBJiH3SipyiOTCX TaKXS 3@&XTbI TeR.llOIIpOBO~OCT3 CTCSIKH, TeM- 
mqaTyp~OR 3aB~CBMocT~ XapaKTepSKTmi marmocTH B CTeiUiE Tpy6U. nepeXOiVIb@ R Typ6yJIeHTSiti 
pezmdbr Tesemm c yseronn neRcTBm4 ~0~~0~ ci~md I13ysa10~cB Ha 0cHoBe k-e Monemi Typ6yzesfT- 
HOCTE Ann ofinacrrt HE~KIHX WCWI Pehom,nca. Ffonysero xopomee CofJmcRe Meayry T~~~~TWWCRHMH H 
ssrcnep~e~am,~ pacuepenenemmhor TehmepaTyphl Ha cTemze R 3HaqemfPhm acna HyccenbTa. 
llpearrorewr 3hnmpnvme woTHomem5B ~a pacveTa crropocr~ B036maeMoro Teqemia H cpemero 
pHcna H~CCMI,T~. Pe3ym.TaTbl IIOKSWBBK)T, PTO xapaKTepmzTmm ecrecTncHHoxoHBesnnoro TWUIO- 
nepe~oca B ~ep’rlSlW5~0fi Tpy6e 6~1mmi K TfzlLnOlI~~HOC)’ OT OlZHHOWiO~ BepTEiEXGlbHOti IIJIaCTHHbI IIpM 

6onbmoM qncne P3nen. 


